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RECURRENT ORBITS OF SUBGROUPS OF LOCAL 
COMPLEX ANALYTIC DIFFEOMORPHISMS 

JAVIER RIBON 


Abstract 

We show recurrent phenomena for orbits of groups of local complex 
analytic diffeomorphisms that have a certain subgroup or image by a 
morphism of groups that is non-virtually solvable. In particular we 
prove that a non-virtually solvable subgroup of local biholomorphisms 
has always recurrent orbits, i.e. there exists an orbit contained in its 
set of limit points. 


1. Introduction 

We are interested in the interaction between algebraic properties of 
groups of local complex analytic diffeomorphisms and their topological 
dynamics. We denote by Diff (C"', 0) the group of local complex an¬ 
alytic diffeomorphisms dehned in a neighborhood of the origin of C”. 
The algebraic nature of subgroups of Diff (C”, 0) is studied from differ¬ 
ent points of view in the literature, for instance in the context of groups 
of real analytic diffeomorphisms in compact manifolds [6l Ghys], the 
existence of faithful analytic actions of mapping class groups of surfaces 
on surfaces O Cantat-Cerveau], the study of integrability properties of 
one-dimensional foliations [TT| Rebelo-Reis] [H Camara-Scardua], local 
intersection dynamics m Seigal-Yakovenko] [H Binyamini], the study 
of the derived length [m Martelo-Ribon] [13]... 

This paper generalizes two results of Rebelo and Reis jT2| (Theorems 
[I]and[2|) that relate algebraic properties of a subgroup G of Diff (C^, 0) 
(being non-virtually solvable) with the existence of non-discrete orbits 
for the action of G or more rigorously for the action of any pseudogroup 
that is a representative of G. The biggest generalization is that our 
results hold for every dimension. 
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Let US introduce the main results in the paper. Theorem [T] provides 
a series of sufficient conditions for the non-discreteness of a subgroup 
of Diff(C",0). 

Theorem 1. Let G be a subgroup o/Diff(C”,0) such that at least one 
of the following conditions holds: 

(1) G is a non-solvable unipotent subgroup o/Diff(C"', 0). 

(2) G is a non-virtually solvable subgroup o/Diff(C”,0) consisting 
of non-hyperbolic elements. 

(3) (j^G)o is a non-solvable subgroup o/GL(n, C). 

(4) j^G is not virtually reducible and (j^G)Q ^ C*Id. 

(5) j^G is not virtually reducible and the group induced by j^G in 
PGL(?7,,C) is non-discrete. 

Then there exists a finite subset S of G such that for every pseudogroup 
V that is a representative of {S) there exist a connected open neigh¬ 
borhood V of 0 and a seguence (/„ : V —)■ fn(y))n>i in V \ {Idy} 
converging uniformly to Id in V. In particular all the points in V ex¬ 
cept at most a countable union of proper analytic sets are recurrent for 
the action ofV. 

Let us explain the previous theorem. We say that a local diffeo- 
morphism 0 G Diff (C”, 0) is unipotent if its linear part DQ(j) at 0 is a 
unipotent linear automorphism of C". We say that a subgroup G of 
Diff (C"", 0) is unipotent if all its elements are unipotent. A unipotent 
group of local diffeomorphisms is “well-represented” by a Lie algebra 
of nilpotent formal vector helds. As a consequence problems in unipo¬ 
tent subgroups of Diff (C"", 0) can be interpreted as simpler problems 
in their Lie algebras. 

Condition (2) requires that G has no hnite index solvable subgroup. 
Moreover the dehnition of hyperbolic local diffeomorphism is not the 
most common one, we say that 0 G Diff (C", 0) is hyperbolic if spec(Do(/)) 
is not contained in Regarding Condition (3), j^G is the closure of 
j^G := {Do0 : 0 G G} in GL(?7,,C) in the usual topology. It is well- 
known that j^G is a Lie group and Condition (3) is imposed in its 
connected component {j^G)^ of Id. Conditions (4) and (5) will be 
discussed later on. 

The thesis of the theorem is that we have a hnite subset {gi,..., Pp} 
in G such that given any choice cfj : Uj Vj of biholomorphism 
such that the germ of (pj at 0 is equal to pj for 1 < j < p, we ob¬ 
tain the family {fn)n>i by considering certain words on the symbols 
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{01 ,... ,(f)p, 0^^,..., 0“^}. The biholomorphism /„ is defined in a do¬ 
main that depends on the chosen word but anyway such domain con¬ 
tains V for any n G N. More precisely, the words providing the elements 
in the sequence (/n)n>i are commutators obtained by applying the so 
called Zassenhaus lemma that will be discussed later on. This strategy 
was applied in dimension 2 by Rebelo and Reis [12]. We generalize it 
to any dimension. 

Conditions (1) and (2) in Theorem [1] can be weakened by checking 
them out on all subgroups of G. For instance Theorem [1] holds if we 
replace Condition (1) with the existence of a non-solvable unipotent 
subgroup of G. 

In order to introduce Theorem [2] let us define the discrete orbits 
property. Consider a pseudogroup P of holomorphic maps, i.e. a family 
(/j : Uj —)■ Vj)j^j of biholomorphisms closed by compositions, inverses, 
restrictions and patching (cf. Definition 12.9p . We say that P is a 
representative of a subgroup G of Diff (€"■, 0) if 0 G Uj fl Vj, Uj UVj <Z 
C”, /j(0) = 0 for any j ^ J and G is the group of germs at 0 of elements 
of (/j)jgj. We say that G has discrete orbits (locally discrete orbits in 
[T2] l if there exists a representative pseudogroup {fj : Uj —?■ Vj)j^j of 
G such that all orbits 0{P) = {fj{P) : P G are discrete sets. 

Theorem 2. Let G be a subgroup o/Diff(C”,0) with discrete orbits. 
Then G is virtually solvable. 

Given a non-virtually solvable subgroup G of Diff (C"^, 0) Theorem 
[2] provides an orbit O without isolated points for every choice of a 
representative pseudogroup of G, i.e. for every choice of domains of 
definition of the elements of G. All points of O are recurrent. Some 
parts of the proof are inspired in analogue results of |T2| even if there 
are specific issues that are associated to the higher dimensional setting. 

Theorems [T] and [2] were known in dimension 1 as a consequence of 
results of Shcherbakov [T8| and Nakai [9|. Indeed given a non-solvable 
subgroup G of Diff (C, 0) there exists a real analytic curve S such that 
any representative V of G has dense orbits in the connected components 
of f/ \ S for some open neighborhood U of 0 [S] . Moreover there exist 
real flows of non-trivial holomorphic vector fields in the topological 
closure of any representative pseudogroup of G. Theorems [D and [2] are 
not as precise, the density condition is replaced with the existence of 
recurrent orbits. Anyway, it is not clear how to generalize the density 
results to the higher dimensional setting. For example, consider the 
group if = {0 G Diff (C”, 0) : / o 0 = /} for some germ / of non¬ 
constant holomorphic function defined in the neighborhood of 0 in C”. 
The group is non-solvable for n > 1 since its Lie algebra (the set of 
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formal singular vector fields that have / as hrst integral) is non-solvable 
[13]. Analogously the subgroup of H of its tangent to the identity 
elements is non-solvable. Hence there are hnitely generated subgroups 
of H that are non-solvable and consist only of tangent to the identity 
elements. The orbit of any point by the action of such a group J is 
contained in a level set of / and thus has empty interior. In spite of 
this, Theorem [T](l) applies to J providing recurrent points. 

Every instance of Theorem [T] is related to the non-solvability of the 
connected component of Id of a certain group. In items (1) and (2) 
the conditions are equivalent to the non-solvability of G fl Gq. Let 
us remark that G is the Zariski-closure of G (cf. section 14.2p and is 
obtained as a projective limit of algebraic matrix groups. The group 
Gq is its connected component of Id, that is generated by the expo¬ 
nential of the Lie algebra of G (cf. [ 13 ] )• The condition in item (3) 
applies to j^G and it is equivalent to the non-solvability of j^Gn(j^G)g. 
Hence the conditions in items (1), (2) and (3) are analogous once we 
consider the proper dehnition of Zariski-closure for subgroups of local 
diffeomorphisms. Conditions (4) and (5) imply Condition (3) and as a 
consequence all the hypotheses are part of a common framework. 

Let us introduce an example illustrating the previous discussion. 
Consider a subgroup G of SL(2,C) that induces a non-abelian free 
Kleinian subgroup of PSL(2, C) whose limit set A is not the whole Rie- 
mann sphere. We can even suppose that G is free. Let U be the dense 
open set consisting of points whose directions belong to C \ A. The 
orbits through points in U are discrete. Therefore G is highly non¬ 
trivial (it is free!) but all the connected components of Id associated 
to subgroups of G in items (l)-(5) of Theorem [1] are solvable. 

In a slightly different point of view the paper can be interpreted 
as a study on how non-virtual solvability impacts the dynamics of a 
subgroup of Diff(C”,0). Indeed the hypotheses in Theorem [D imply 
that some group canonically associated to G is not virtually solvable. 
This is obvious for Condition (2). Since Conditions (4) and (5) imply 
Condition (3), it suffices to show that we can replace non-solvable with 
non-virtually solvable in Conditions (1) and (3) of Theorem [1] The 
group (j^G)^ is a connected Lie group and hence it is solvable if and 
only if is virtually solvable. Analogously every virtually solvable unipo- 
tent subgroup of Diff (C”, 0) is solvable. Non-virtually solvable groups 
are part of the dichotomy provided by the Tits alternative: given a held 
F of characteristic 0 every subgroup of the group GL(n, F) is either 
virtually solvable or contains a non-abelian free subgroup |T^ . 
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Unfortunately the Tits alternative does not hold a priori for sub¬ 
groups of Diff (C"", 0). Anyway the elements of the sequence (/n)n>i in 
Theorem [1] are obtained by considering certain commutators of hnitely 
many elements whose linear parts are close to Id. This process is spe¬ 
cially simple for a non-abelian free group. Hence the proof of Theorem 
[U is easier in a setting in which the Tits alternative holds. The cases 
(3), (4) and (5) in Theorem [1] are of Tits type, meaning that there ex¬ 
ists a non-abelian free subgroup of j^G on two generators whose linear 
parts can be chosen arbitrarily close to Id and hence we can apply the 
commutator process. As a consequence we can suppose in these cases 
that S has two elements. The localization of generators of free groups 
in a neighborhood of the identity prohts of results of Breuillard and 
Gelander on the topological Tits alternative [3]. 

1.1. Pseudo-solvable groups. Let us explain how to deal with Con¬ 
dition (1) in Theorem [1] where we can not use the Tits alternative. 
More precisely, we can not guarantee that the hypothesis implies the 
existence of a non-abelian free subgroup of G. We will use the notion of 
pseudo-solvable subgroup of Diff (C”, 0) as a workaround for this issue. 

The dehnition of pseudo-solvable group was introduced by Ghys in 
[6]. It is intended to identify whether or not a group is solvable by 
analyzing a hnite generator set in specihc cases, for instance in ge¬ 
ometrical problems. Ghys uses this concept to construct sequences 
of non-trivial real analytic diffeomorphisms in real analytic manifolds 
that converge uniformly to the identity map. He explains that the 
dehnition of pseudo-solvable is arbitrary and many others are possible 
[6][p. 171]. We use in this paper one of the possible alternative dehni- 
tions. More precisely we introduce the dehnition of p-pseudo-solvable 
group for p G N U {0} generalizing Ghys dehnition that corresponds 
to 1-pseudo-solvable. Our dehnition is intended to take proht of the 
particular algebraic structure of solvable subgroups of Dih(C"',0). 

Definition 1.1. Let G be a hnitely generated group. Consider a hnite 
set S of generators of G. Fix p G Z>o. By recurrence we dehne 5^(0) = 
S and 

Mj + 1) = {[f^9] or [gJ]-J G Sp{j), g G Ui^j_pSp{k)}. 

We say that G is p-pseudo-solvable for S if there exists j G N such 
that Sp{j) = {1}. We say that G is p-pseudo-solvable if it is p-pseudo- 
solvable for some hnite generator set. We drop the subindex p when it 
is implicit. 

Let us clarify some points in the previous dehnition. It could happen 
that j — p < 0; in such a case we consider S{k) = {1} for any k < 0. 
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We always consider that given f E S{0) its inverse f~^ also belongs to 
5(0). Moreover since [f,g]~^ = [g,f] this condition holds for S{j) for 
every j > 0. 

The Zassenhaus lemma implies that if S consists of elements close to 
Id then the elements in Sp{k) tend uniformly to Id when k —?■ oo. This 
idea was introduced by Ghys for the study of groups of real analytic 
diffeomorphisms of compact manifolds [6] and was adapted to the local 
setting by Loray and Rebelo [H] (cf. also [12] )• Therefore non-p-pseudo- 
solvable groups with generators close to Id provide sequences of non¬ 
trivial elements converging to the identity map. The condition of being 
close to the identity map is somehow automatic for the elements of a 
unipotent subgroup of Diff (C”, 0) and as a consequence in order to 
prove Theorem [T] in Case (1) it suffices to show that G is not p-pseudo- 
solvable for some p G Z>o. We complete the proof of Theorem [1] by 
showing that there exists p = p(n) such that a unipotent subgroup G of 
Diff (C"^, 0) is solvable if and only if is p-pseudo-solvable 1 Theorem 14.ip . 
Let us remark that Rebelo and Reis show in their proof of the analogue 
of Theorem [T](l) for dimension 2 that 1-pseudo-solvable implies solvable 
for n = 2 [12]. We show a weaker property, easier to prove and that 
anyway suffices to prove Theorems [T] and [21 

The dehnition of pseudo-solvable is useful in a class of groups if 
pseudo-solvable is equivalent to solvable; otherwise it is a property 
that depends on the choice of generators of the group and with no 
clear algebraic or geometrical meaning. The main drawback of the 
dehnition of pseudo-solvable is that the proof of this equivalence is in 
general quite technical. Let us explain how working with p-pseudo- 
solvability simplihes the proof. 

Let G be a unipotent subgroup of Diff (C", 0), for example a group 
of tangent to the identity diffeomorphisms. We want to show that if a 
hnitely generated subgroup of G is p-pseudo-solvable, for some p = p(n) 
to be determined later on, then G is solvable. Let m G M be the 
minimum integer such that S{m) = {Id}. We dehne 5(j, k) = U;W5(/) 
for 0 < j < A;, r(j) = {S{j,m)) and G{j,j + p) = (5(j,j +p)). It 
is clear that r(m) is solvable and the proof relies on proving that if 
r(j -|- 1) is solvable then r(j) is solvable for any 0 < j < m. Given 
cf) G S{j) and 0 < g < p we have 0 0-00 0“^ o 0“^ G 5(j -|- g -|- 1) for 
any 0 G 5(j -|- g) by dehnition of 5(j -|- g + 1). In particular we obtain 

(1) 0G(j + 1, j + g)0"^ C G{j + 1, j + g + 1) 

for 1 < g < p. If G(j + l,j + g) = G{j + 1, j + g + ^) then 0 normal¬ 
izes G{j + l,j + g) and this provides valuable information about the 
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elements of S{j) that can be used to show that T{j) is solvable. Un¬ 
fortunately the previous groups can be different. Anyway we associate 
an invariant taking finitely many values to the the subgroups in the 
increasing sequence 

(2) G{j + 1, j + 1) C G{j + 1, j + 2) c ... C G(j + 1, j +p + 1) 

of subgroups of the solvable group r(j -|- 1). Moreover the invariant 
is increasing in a lexicographical order, if p is big enough we can 
always hnd some 1 < q < p such that the invariants associated to 
G{j + IG + q) and G(j -|- 1, j -|- g -|- 1) coincide. The groups can be 
still different but we find solvable extensions of their Lie algebras (and 
even solvable extensions of the groups) that coincide and continue to 
satisfy the normalizing equation ([T]). The value of p can be chosen as 
the number of different values of the invariant. Our method associates 
an increasing sequence of solvable Lie algebras of formal vector fields 
to the sequence ([2]) and then relies on the classification of such Lie 
algebras in |14j . 

Theorems [T] and [2] illustrate how the description of the nature of 
an algebraic object, namely a Lie algebra of formal vector helds, en¬ 
tails dynamical consequences, and specifically recurrence properties, 
for unipotent subgroups of Diff (C"", 0). 

Resuming we show a maximal-like condition on unipotent solvable 
subgroups of Diff(C”,0). It allows to show p-pseudo-solvable 
solvable by turning subnormalizing group properties into normalizing 
properties. 


2. Preliminaries and notations 
Let us introduce some concepts that will be used in the paper. 

2.1. Groups and Lie algebras. Let G be a group. Let us define the 
derived groups of G. 

Definition 2.1. We define the derived group G*-^^ (or [G,G]) of G as 
the group generated by the commutators [/, g] := fgf~^g^ of elements 
of G. Analogously we define = [G^^\G^^'>] for j > 1. We denote 

G(o) = G. 

The previous definition can be extended to any Lie algebra g by 
replacing the commutator with the Lie bracket. 

Definition 2.2. We say that a group G (resp. Lie algebra) is solvable 
if there exists j G N U {0} such that G^^'^ is trivial. In such a case we 
dehne its derived length i{G) as the minimum j G N U {0} such that 
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is trivial. We say that the derived length of a non-solvable group 
G (resp. Lie algebra) is equal to cxo. 

The statements of Theorems [Hand[2] involve properties of hnite index 
subgroups of Diff (C”, 0) or GL(n, C). 

Definition 2.3. Consider a group property P (for example being abelian, 
free...). We say that a group G is virtually P if there exists a hnite index 
subgroup of G that satishes P. 

Remark 2.1. Every hnite index subgroup TT of a group G contains a 
hnite index normal subgroup of G. Indeed the intersection of all the 
conjugates of TT is a hnite index normal subgroup of G. The group 
properties that we consider in this paper are subgroup-closed. As a 
consequence given a virtually P group G there exists a hnite index 
normal subgroup of G that has property P. 

2.2. Local diffeomorphisms. We introduce the group of linear parts 
of a subgroup of Dih (C”, 0). 

Definition 2.4. Let (j) G Dih (C”,0). We denote by Dq*/* (or j^cj)) its 
diherential at the origin. 

Definition 2.5. Let G be a subgroup of Dih(C”,0). We dehne the 
subgroup j^G = {j^4> : 0 G G} of GL(?7,, C). 

Let us dehne unipotent diheomorphisms and groups. They are the 
objects of Theorem 14.11 one of the main results of the paper. 

Definition 2.6. We say that a diheomorphism 0 G Dih (C*^, 0) is 
unipotent if D^cf) is a unipotent isomorphism, i.e. Do(j) — Id is nilpotent. 
We say that 0 is tangent to the identity if D^cf) = Id. 

Definition 2.7. We denote by Dih„(C",0) the subset of Dih(C"',0) 
consisting of unipotent diheomorphisms. We say that a subgroup G of 
Dih (C"', 0) is unipotent if G C Dih„(C"', 0). 

Definition 2.8. We dehne Dihi(C"', 0) as the subgroup of Dih (C"", 0) 
consisting of tangent to the identity elements. 

2.3. Lie groups. Let us see that the commutator map dehned in a 
Lie group has attracting behavior in a neighborhood of the identity 
element. It will be useful to study matrix groups. 

Remark 2.2 (Zassenhaus lemma). Let T be a Lie group. Consider a 
left-invariant Riemannian metric dehned in T. The map 6 : T xT —)■ T 
dehned by 9{f,g) = [f,g] is diherentiable and 9\{id}xT = Id = 0rx{/d}- 
Thus its diherential at Id is equal to the identity map. Moreover there 



9 


exists a small neighbourhood V of Id in T and a constant C > 0 such 
that 

||[/,^7]-Jd||<C||/-/d||||^7-/d|| Vf,geV. 

There exists e > 0 such that W := {/ G T : 11/—/(i|| < e} is contained 
in V and e < 1/(2C). In particular we have ||[/,S'] — Id\ \ < e/2 for all 

f,gew. 

The lemma implies that a discrete Lie group generated by elements 
sufficiently close to the identity is nilpotent (cf. [in][p. 147]). 

2.4. Pseudogroups. We study the dynamics of pseudogroups induced 
by subgroups of Diff (C”, 0). First we introduce the definition of pseu¬ 
dogroups of homeomorphisms. 

Definition 2.9. Consider a family IF = {fj : Uj Vj}j^j of homeo¬ 
morphisms where Uj, Vj are open sets of a topological space M for any 
j G J. We say that is a pseudogroup on M if 

• The identity map Id : U -P- U belongs to IF for any open subset 
U of M. 

• The map : Vj —?■ Uj belongs to IF for any j G J. 

• Given elements fj : Uj Vj and fk ■ Uk ^ Vk of fF such that 
VjDUk 7^ 0 the composition fkofj : /[^{VjDUk) -)■ fkiVjDUk) 
belongs to fF. 

• Given an element f \U ^V of IF and a non-empty open subset 
U' of U, the restriction fu/ : U' —)■ f{U') belongs to IF. 

• Let / : 7/ —)■ P be a homeomorphism obtained by patching 
elements of fF, i.e. there exists an open covering {Uj}j^j, of U 
for some subset J' of J such that fjj. = fj for any j G J'. Then 
/ belongs to fF. 

Remark 2.3. In the previous definition f\u. is considered as a map 
from Uj to f{Uj) and not as a map from Uj to V. Moreover if we say 
that an embedding f : U ^ V belongs to a pseudogroup we mean 
that f\u ■ U — f{U) belongs to the pseudogroup. We will use this 
conventions for the sake of simplicity. 

Definition 2.10. Consider a family IF = {fj : Uj Vj}j^j of home¬ 
omorphisms as in Definition 12.91 We say that V is the pseudogroup 
generated by if "P is the minimal pseudogroup defined in M and 
containing IF. 

Let us explain how to obtain pseudogroups induced by a subgroup 
G of Diff(C"',0). Roughly speaking we choose domains of definition 
for the elements of G (or for the elements of a generator set). 
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Definition 2.11. Consider a connected open neighborhood U of 0 in 
C". Let = {fj : Uj —)■ be a family of biholomorphisms such 

that 0 G Lj- n Uj U V,- C t/, Uj is connected and /j(0) = 0 for any 
i G J. We say that the pseudogroup V generated by on 17 is induced 
by a subgroup G of Diff (C", 0) if the group : j E J) is equal to G 
where is the germ of fj at 0. 

Remark 2.4. The pseudogroup induced by a subgroup of Diff (C", 0) is 
not unique. 


3. The commutator property 

Consider a finitely generated subgroup G of Diff (C”, 0) that is not 
p-pseudo-solvable for S. In this section we see that if the elements 
of S have linear parts close to the identity map then there exists a 
sequence of non-trivial maps in G that converge uniformly to Id in 
some neighborhood of the origin. This property is crucial to obtain 
recurrent orbits. Rebelo and Reis showed analogue results in the case 
of groups that are not 1-pseudo-solvable [12] • The generalization is 
fairly straightforward and we include it for the sake of completeness. 

Definition 3.1. Consider the usual norm defined in C"'. Let B" be 
open the ball of center 0 and radius r in C". Let / : B” —)■ C” be a 
holomorphic map. We define the norm of / in B” as 

\\f\\r= sup \f{xi,...,Xn)\. 

Notice that ||R||i is the spectral norm for a n x n matrix A. 
Consider r, e, r > 0 such that 4e + r < r. Let /, : B” C” be 

injective holomorphic maps such that \\f — Id\\r < e and \\g — Id\\r < e. 
Then the commutator [f,g] : Bjl_4^ B" is defined in B”_4^ and 
satisfies 

(3) ||[/,9l - WII.-4.-X < -11/ - Id\\r\\g - Mil,. 

r 

We will use Equation ([3]) with the elements of a generator set S of 
a non-pseudo-solvable subgroup of Diff(C",0). The previous estimate 
was introduced by Loray and Rebelo |8| (cf. also |I2])- R is an analogue 
in the local setting of the Zassenhaus lemma (cf. Remark 12.21) . 

Next, let us see that if all elements of a generator set iS of a subgroup 
G of Diff(C"’, 0) are close enough to the identity map then the elements 
of Sp{j) tend uniformly to Id when j —)■ cx). 

Proposition 3.1. Fix p G Z>o and <5 > 0 with {p -|- 2)6 < 1/4. Let 
S be a subset o/Diff(C"', 0) such that S = iS”L Suppose gi^n is a 
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well-defined injective holomorphic map such that \ \g — Id\\i < 5/4 for 
any g e S. Then —)■ B” is an injective holomorphic map 

belonging to the pseudogroup generated by : (? G 5} onMf such 

that 11/ — Id\\i /2 < 5/2-^+^ for all j > 0 and f G Sp{j). 

The proof of Proposition 13.11 is split in the next lemmas. 


Lemma 3.1. Consider the hypotheses in Proposition \3.f[ Letj<p+\. 
Then f is defined ®i_ 2 j 5 <md satisfies \ \f — Id\\i- 2 j 5 < for any 

feSpU). 


Proof. The proposition is obvious for j = 0. Let us show that if the 
result holds for 0<k<j<p-\-l then so it does for j + 1. 

An element of S{j + 1) is of the form [a, b] or [b, a] where a G S{j) 
and b G iS(0,j). Hence we obtain 

||a - Id\\i-2j5 < 5/2-^'+^ and \ \b - Id\\i- 2 js < 5/4. 


We consider r = 1 


2/5, e = 5/4 and r = 5 in Equation 
2 5 5 5 


). We get 


11 [a, 6] - Jd||i_20-+i)5 < 
and the same inequality holds for [b, a]. 


S 2t+2 4 2^+3 


□ 


Lemma 3.2. Consider the hypotheses in Proposition \3.1[ Let j > 
p + 1. Then \\f — Id\\f^. < 5/2^+^ for any f G Sp{j) where Kj = 
1 — 5 (2(p + l) + l + 4-|-...-)- ^ 


Proof. Let us show the result for / = p + 2. Let / G iS(p + 2); it is 
of the form [a, b] or [5, a] where a G S{p + 1) and b G 5(1, p + 1). We 
consider r = 1 — 2(p + 1)5, e = 5/8 and r = 6/2. We obtain 

iir 7-1 _ T 711 ^ 4 5 5 _ 5 

||[a,oJ Ja| |i_(2(p+i)+i)5 — <5 8 

and an analogous estimate holds for [b,a]. 

Suppose that the result holds for any p + 2 < k < j and let us prove 
that so it does for / + 1. An element / of 5(/ + 1) is of the form 
[a, h] or [6, a] where a G 5(/) and b G 5(/ — p,j). We consider r = Hj, 
e = 5/2-^“P+^ and r = 6/2^~p. We have 


11 [a, 5] - Id\\^._s/ 2 J-p-i < 


2^+^-P 5 5 

^ 21+2 2J+2-P 


5 

2t+3 


and an analogous estimate holds for [b,a\. Since Hj+i = Hj — 6/2^ p ^ 
we are done. □ 
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Proof of Proposition \3.1\ Since C B” for any g E S, the pseu¬ 
dogroup generated by {g\B’^ : g E S} is induced by (S) on B”. 

Since {2p+4:)6 < 1/2, Lemmas IXTl and 1X21 imply \ \f — Id\\i < (5/2'^+^ 
for all j > 0 and / G S{j). □ 

The next propositions are consequences of Proposition 13.11 The idea 
is that the non-p-pseudo-solvability of a group of diffeomorphisms G 
can be used to show that the induced pseudogroup is non-discrete. 

Proposition 3.2. Fix p G Z>o, <5 > 0 with {p + 2)6 < 1/4. Let S be a 
finite generator set of a subgroup G o/Diff(C"', 0). Suppose G is non- 
p-pseudo-solvable for S. Furthermore suppose ||Do0 — /d||i < 5/8 for 
any 0 G iS. Then given any r > 0 small enough there exists a sequence 
(/m)m>i in the pseudogroup V generated by : f E S} on B/ 

such that fm is defined in B”^ 2 j {fm)\M^^^ ^ Id for any m E N and 
linim^oo ll/m “ -^d||j ,/2 = 0. In particular all the points in B ”^2 except 
at most a countable union of proper analytic sets are recurrent for the 
action ofV. 

Proof. Let Vr{xi,... ,Xn) = {rxi,... ,rxn) be the homothety of ratio 
r > 0. We dehne <pr = o 0 o for 0 G iS and r > 0. 

Let <p E S. The map ( 0 ^) 115 * is injective and cfr — T*o0 is bounded for 
r > 0 small enough. The family (0r)r>o satishes limr^.o | |0r — f^o0| |i = 
0. We consider r > 0 small enough such that ||0r — T*o0||i < <5/8 for 
any (f) E S. We denote S' = {0^ : 0 G 5}. 

Since G is not p-pseudo-solvable for S, Proposition 13.11 implies the 
existence of a sequence // : B "^2 C in the pseudogroup V' generated 
by ■ 9 such that // G 5/(j) and 0 < ||/j-/d||i /2 < 6/2^+^ 

for any j > 0. We denote fj = VrO fj o for j > 0. Then fj is in the 
pseudogroup P, is dehned in Bjl ^2 holds 0 < \ \fj — Id\ 0/2 < r5/2'^+^ 
for any j > 0. Moreover since V' is a pseudogroup on by Proposition 
13.11 hence P is a pseudogroup on B/. 

We dehne Tj as the set of hxed points of fj in B”^ 2 - We denote 
Sj = r\k>jTk- A sufficient condition guaranteeing the recurrence is 
(xi,... ,Xn) ^ Uj>oSj. Since Sj is an analytic set for j > 0, the set 
Uj>oSj is a countable union of proper analytic sets. □ 

Proposition 3.3. Fix p E Z>o, 5 > 0 with {p -|- 2)5 < 1/4. Let 
G C Diff„(C",0) be a non-p-pseudo-solvable group. Then given any 
r > 0 small enough there exists a sequence (//)/>i in the pseudogroup 
V generated by : / £ G} on B/ such that fj is defined in 

®r/2’ ifj )\ K/2 ^ ^ 1 linij^oo ll/j - /d|0/2 = 0. In 
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particular all the points in except at most a countable union of 
proper analytic sets are recurrent for the action ofV. 

We only consider diffeomorphisms f & G well-defined, injective in 
and such that /(®”(i_ 5 / 4 )) C B” as elements of {f\M^ : / G G}. 

Proof. Consider a finite generator set S of G. Since j^G (cf. Definition 
12.5p consists of unipotent matrices, it is a group of upper triangular 
matrices up to a change of coordinates by Kolchin theorem (cf. p!7][p. 
35, Theorem 3*]). In particular j^G is nilpotent and then solvable. 
There exists m G N such that = {Id}. The set Sp{j) is 

contained in G^*^ for any j > {I — l)p + 1. We deduce that all elements 
of Sp{j) are tangent to the identity for any j > {m — l)p + m. We 
define S' = Sp{{m — l)p + m, mp -|- m). We have Sp{mp + m) C. 5'(0) 
and a simple induction argument proves Sp{mp + m + j) C S'p{j) for 
any j G N. 

Since G is non-p-pseudo-solvable for S, the group (S') is not p- 
pseudo-solvable for S'. Since (S') consists of tangent to the identity 
diffeomorphisms, we apply Proposition 13.21 to (S') and S'. □ 

It is natural that there is no condition on the generators being close 
to the Id in the previous proposition since it is implicit. Given a 
group G C Diff„(C"', 0) generated by a finite set S we can suppose that 
j^G is upper triangular by Kolchin’s theorem. Then we can suppose 
that j^S is contained in an arbitrary neighborhood of Id by making a 
linear change of coordinates. Thus the elements of S can be considered 
arbitrarily close to the identity map. 

4. Subgroups of unipotent elements 

In this section we show that given a subgroup G of Diff (C", 0) (or of 
its formal completion) of unipotent elements, G is solvable if and only 
if it is p-pseudo-solvable for some p > p{n) fTheorem 14.ip . 

4.1. Formal diffeomorphisms and vector fields. Let us recap some 
facts about pro-algebraic groups of formal diffeomorphisms in the next 
sections. This material can be found mostly in [IT] and some points 
are expanded in [TB]. 

We interpret elements of Diff (C"", 0) as operators acting on formal 
power series. Let m the maximal ideal of the ring C[[a:i,... ,Xn]] of 
formal power series. Any cf G Diff (C”, 0) induces an element (fk of 
GL(m/m^+^) by composition; 

cfk ■ m/m^+^ -> m/m^+^ 

g -I- 1 -^ g ° 4> + 





14 


JAVIER RIBON 


Indeed (f>k is an isomorphism of C-algebras for any /c G We con¬ 
sider the group = {4>k '■ (j> £ Diff (C"', 0)}, it coincides with the 
subgroup of GL(m/m^'''^) of isomorphisms of the C-algebra 
In particular is an algebraic subgroup of GL(m/m^’''^). 

Definition 4.1. We dehne the group of formal diffeomorphisms Diff (C”, 0) 
as the projective limit 

Given an element 0 = (Afc)fc>i we have that {Ak{g + iTi^))fc>i con¬ 
verges in the m-adic topology, i.e. the Krull topology, to an element 
of for any (? G m. Since m is equal to the inverse limit 

the limit hmfc^.oo Ak{g + m^) exists in the Krull topol¬ 
ogy and belongs to m. We denote 

0 = ( 01 ,..., ;= (lim Ak{xi -F m^),..., lim Ak{xn + m^)). 

k—^oo k^oo 

Since Ai is an isomorphism, the linear map j^cj) is invertible. In this 
way we can interpret a formal diffeomorphism either as an element of 
n-uple of elements of m whose hrst jet is invertible. 

Definition 4.2. We dehne unipotent formal diffeomorphisms and groups 
analogously as in Dehnitions 12.61 and 12.71 We denote by Diff 0) 
the subset of unipotent formal diffeomorphisms. 

Definition 4.3. We dehne Lk as the Lie algebra of derivations of the C- 
algebra We dehne the Lie algebra of (singular) formal vector 

helds X(C"',0) as hm L^. 

Analogously as for formal diheomorphisms, given {Bk)k>i £ Ijm Lk 
the limit limk^oo Bk{g + m^) is well-dehned and belongs to m for any 
g E m. We can identify {Bk)k>i with the expression 

d d 

hm Bk{xi -h m'^)--h ... + lim Bk{xn + m^)-—. 

k^oo OXi k^oo OXn 

In this way it makes sense to consider the /c-jet of a formal vector held. 

Definition 4.4. We say that a formal vector held X G X(C”, 0) is 
nilpotent if the hrst jet j^X (or DqX) is a nilpotent linear transfor¬ 
mation. We denote by XAr(C", 0) the subset of nilpotent formal vector 
helds. 

Remark 4.1. It is a simple exercise to show that an element 0 = 
{Ak)k>i E ^mDfc = Dih (C"", 0) is unipotent if and only if Ak is unipo¬ 
tent for any k eN. 

Analogously X = {Bk)k>i E ^imLfc = X(C",0) is nilpotent if and 
only if Bk is nilpotent for any k E N. 
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Remark 4.2. The exponential establishes a bijection between nilpotent 
and unipotent matrices. Since is the Lie algebra of the image 
of the nilpotent elements of by the exponential map coincides with 
the set of unipotent elements of D^- We remind the reader that the 
elements of and are interpreted as linear maps of In 

particular exp : Xjv(C",0) Diff 0) is a bijection. 

Definition 4.5. Given 0 G Diff „(C"', 0) we denote by log0 the unique 
element of XAr(C", 0 ) such that 0 = exp(log 0 ). 

Definition 4.6. We dehne as the field of fractions of the local ring 
C[[a:i,..., Xn]\ of formal power series with complex coefficients. 

Definition 4.7. Let g be a complex Lie subalgebra of X(C”, 0) (3)^ Kn- 
We define dimg as the dimension of the vector space 0 ^n- We 

define A 4 ( 0 ) = {g & Kn '■ X{g) = Q VX G g}, it is the field of formal 
meromorphic first integrals of g. 

4.2. Pro-algebraic groups. Let us introduce the analogue of alge¬ 
braic matrix groups for subgroups of Diff (C"", 0). 

Definition 4.8. Let G be a subgroup of Diff (C”, 0). We define Gk = 

{0fc : 0 G G} where the Zariski-closure is considered in GL(m/m.^'''^). 

We define the pro-algebraic closure (also Zariski-closure) G of G as 

the inverse limit lim Gk- 
G-fceN ^ 

Remark 4.3. The group Dk is algebraic for /c G Id. As a consequence 
Gk is a subgroup of Dk for any fc G N and then G is a subgroup of 
Diff (C", 0) = l^Dfc. In particular the equality 

G" = {0 G l5iff (C^, 0) : 0fc G Gk VA; G N} 

holds. 

Remark 4.4. The group G^ is closed in the m-adic topology (the Krull 
topology) by construction. 

Definition 4.9. We say that a subgroup G of Diff (€"■, 0) is pro- 
algebraic if G = G^. 

Notice that in [H] we use the notation G^°^ instead of G^. Since in 
this paper we use three notions of closure we stress in the new notation 
that we are referring to the Zariski-closure. 

Let us consider subgroups of formal diffeomorphisms contained in 
Diff „(C"', 0). The pro-algebraic theory is valid also for general sub¬ 
groups of Diff (C”, 0) but we just apply it in this paper to the unipotent 
case. Let us introduce some basic properties of unipotent groups. 
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Lemma 4.1. Let G be a unipotent subgroup o/Diff (C”,0). We have 

• is contained in Diff„(C"',0). 

• The derived lengths of G and G coincide. In particular G is 
solvable if and only if G is solvable. 

• The subset L{G ) := {log (/): (f G G } is a Lie algebra of formal 
nilpotent vector fields. Moreover the map exp : L[G ) —)■ G is 
a bijection. 

• The derived lengths of L{G ) and G coincide. In particular G 
is solvable if and only if L{G ) is solvable. 

Proof. All these results are proved in [13]. They correspond to Lemmas 
4, 1 and Propositions 2, 3 respectively. □ 

Definition 4.10. We say that L(G^) is the Lie algebra of the pro- 
algebraic group G . 

Remark 4.5. Since G^ is closed in the Krull topology, hence L{G^) is 
also closed in the Krull topology. 

The algebraic properties of unipotent subgroups of Diff (C"^, 0) are 
codified in the Lie algebra of its pro-algebraic closure. The next result 
is Theorem 6 of [13], it displays part of the structure of a Lie algebra 
of formal vector fields. 

Proposition 4.1. Let q be a non-trivial complex Lie subalgebra of 
X(C^,0)I^^Kn. There exist ideals i), j of g such that 

• j C 1) and g/f), f)/j are abelian Lie algebras. 

• dim g = dim t) and m := dim 1) — dim j > 0. 

• g/1) is isomorphic to a complex Lie algebra of m x m matrices 
with coefficients in Al(g). 

• Let {Xi,..., Xm} be a base of (g Kn )/(j (^Ic ^n) contained 

in f). Then given Z e f) there exists unigue hi,... ,hm G Al(g) 
such that Z — hiXi — ... — hmXm G j (^Ic ^n- 

Remark 4.6. Let us be a little be more precise, the details can be found 
in the proof of Theorem 6 of [13]. The ideal j is equal to (j ^n) Pig. 
Moreover we have 

dim j = dimg(“^ )^Kn = g^“^ Kn and j = (g^“^ Kn) n g 
c c c 

for the first a G {1,2} such that dimg(“^ < dimg. In particular g/j is 
abelian if and only if a = 1. 
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Given Z G 0 we define 


(4) 

M{Z) = 

( Xiihi) 
X2{hi) 

Xi{h2) . 
X2{h2) . 

■ Xi{hm) \ 

. A 2 (h^) 



\ X^{hi) 

XUh2) . 

Xm ( hm ) / 


where Z — hiXi — ... — G j ^n- The map M ■. Z ^ M{Z) 

is a morphism of complex Lie algebras from g to the Lie algebra of 
mxm matrices with coefficients in A^(g). The kernel of M is equal to 
f). Thus M : g/l) —> M( 0 ) is an isomorphism of complex Lie algebras. 

4.3. Structure of a solvable Lie algebra. In this section we im¬ 
prove Proposition 14.11 and provide a hner classihcation of Lie algebras 
of formal vector helds. 

Let Cl be a solvable Lie subalgebra of X(C”, 0) K^. We denote 

M-i = A4(£i) and Ci = Ci (S)c-^i- Then Ci is a Lie subalgebra of 
0) (3)csuch that (.{Ci) = (.{Ci). Notice that A4i = A4(£i). 
Our goal is constructing a Lie subalgebra C of 3C(C"', 0) that 

contains £i, it has similar algebraic properties as Ci and also a simpler 
structure. In particular we provide a unique decomposition for the 
elements of C. 

We denote g = £i. Suppose Ci ^ 0. Consider the notations provided 
by Proposition 14.11 We denote bi = m = dimg — dimj. Since M is 
All-linear, the Lie algebra M{Ci) is a Ali-vector space of dimension ei 
less or equal than h\. There exist elements Wl ,..., PA in Ci such that 
{Mn/i,..., My^ri } is a basis of M(£i). As a consequence given X G £i 
there exist unique fl^..., E Mi such that Tf(X — fj^j) ^ 0- 
By construction X — fj^j belongs to Ci and since its image by 
M vanishes, it belongs to i). Hence there exist unique h\, ..., hl^ E Mi 
such that 

X -CfX,' -Y^Kxl 

j=l k=l 

belongs to (j Kn) fl g or equivalently to j. We dehne £2 = j, AI 2 = 
M.{C 2 ) and £2 = C 2 ^ii^M. 2 - 

Definition 4.11. We say that {Z^,..., Z^^} is a M'-hasis of £1 if it 
is a subset of £1 such that the classes of its elements determine a basis 
of the All-vector space CijC 2 . 

Remark 4.7. We dehne Ci = hi + ci and Z^ = Wj, = Xl for 

1 < j < ei and 1 < k <hi. The set {Z ^,..., Z^^} is a M'-hasis of £ 1 . 
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In particular we proved 

(5) dim_v(i Cl /£.2 = dim_A 4 i ^{Ci) + dim£i — dim £2 <n^ + n. 

Remark 4.8. The space CijC 2 is a A^i-vector space of dimension 61 + ei 
whereas (£1 ( 3 )c -^n )/(£2 (S^c ^ vector space of dimension hi. 

The different dimensional type is due to the choice of the base held. 

The Lie algebra £2 is solvable since £2 C £ 1 . Moreover £2 is a 
solvable Lie algebra since -^(£ 2 ) = •^(£ 2 )- The property [£i,£ 2 ] C £2 
implies that the elements in £1 preserve the hrst integrals of £ 2 . More 
precisely, we have 

(6) 0 = [ Z , X ]( a ) = Z ( X ( g )) - X ( Z ( a )) = Z ( X ( g )). 

for all X G £ 1 , Z G £2 and g G M 2 . We deduce X{M 2 ) C M 2 for 
any X G £ 1 . In particular we obtain [£i,£ 2 ] C £ 2 . Since Cf'’ C £ 2 , 
£1 + £2 is a solvable Lie algebra such that (£1 + £ 2 )*-^^ C £ 2 - 

Since £2 is solvable we can repeat the process to obtain a Lie algebra 
£3 if £2 7 ^ 0. Then we dehne M 3 = MiCs) and £3 = £3 M 3 . We 

obtain a Wl'-basis {Zf, .. ., for £2 analogously as for £ 1 . Given any 
X E C 2 there exist unique 7 ^,..., 7 ^^ G M 2 such that X — Y//f=i 'IjZj G 
£ 3 . We continue to obtain Lie algebras 

£ 1 , . . . , £m) £m+l 0 , £m +2 0 , . . . 

where Cm 7 ^ 0. Notice that such m exists since dim£j_|_i < dim£j if 

Cj + 0. 

Definition 4.12. We say that £ = £j = £1 + • • • + £m is the 

extension Lie algebra associated to £ 3 . We dehne Cj = 0 for j > 1 and 
£ = 0 if £1 = 0 . 

Remark 4.9. The sum Yl^=iCj is not a direct sum unless Cj = 0 for 
j > 2. We did not show that £ is a Lie algebra yet, it will be done in 
Proposition 14.21 

Definition 4.13. We denote Mj = M{Cj). 

By construction we obtain C^p C £j+i and [£j, £j+i] C £j+i for any 
1 < j < m. Next we generalize the latter property. 

Lemma 4.2. Let l<j<k<m + l. We have [Cj, Ck\ C £fc. 

Proof. The result holds for k = j + lhy construction. Let us prove that 
if it holds for some /c > j + 1 so it does for /c + 1. Since [Cj, Ck\ C Ck 
we obtain [Cj, (£fc)^^^] C (£fc)^^^ and then [Cj, (£fc)^^^] C (£fc)*'^^ by 
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the Jacobi identity. We have Ck+i<^i^Kn = (S^csome 

a G {1,2} by Remark [4.61 Since 

[A-, ® 0 

c c 

for a G {1,2}, we dednce [£j, £fc+i C Ck+i^^Kn- Notice 

that {Ck+i^:^Kn) n £fc = Ck+i by Remark 14.61 Since [£j,£fc] C Ck 
we obtain [£^,£^+ 1 ] C £fc+i. This property implies X{M.k+i) C AJ^+i 
for any X G Cj (cf. Eqnation ([ 6 ])). We dednce [£^,£^+ 1 ] C £fc+i. □ 

Onr next goal is showing that the extension £ of £1 has a simple 
strnctnre. 

Proposition 4.2. Let £ he the extension Lie algebra associated to a 
solvable complex Lie subalgebra £1 of X(C^,0)I^^Kn. Then C is a 
solvable Lie algebra. 

Proof. Since C Cj+i and [Cj,Ck] C Ck for all 1 < j < m and 
j < k, we dednce that £ is a Lie algebra snch that 

{Cl + . . . + £m)*'^^ C £i+i + ... + Cm 

for any 1 < / < m. In particnlar i{C) is less or eqnal than 2m. □ 

The previous construction provides a sequence {Zl)i<j<m, i<k<cp 
where {Zl,..., Z^.} is a A4'-basis of Cj for any 1 < j < m. Let 
us see that such sequence is associated to a unique decomposition of 
the elements of the extension Lie algebra. 

Proposition 4.3. Let C he the extension Lie algebra associated to a 
solvable Lie subalgebra £1 of X(C^,0)I^^Kn. Given an element X 
of C, it can be written uniguely in the form Yl^k=i Ik^l where 

G Aij for all 1 < j < m and 1 < k < Cj. Indeed the elements of C 
are exactly the elements of X(C"',0)(^f^Kn that can be written in the 
previous form. 

Proof. Any element of the form XlJLi Sfc=i (where 7 ^ G Xij for 

all 1 < j < m and 1 < k < Cj) belongs to £ since Yl^k=i li^l ^ A' 
any 1 < j < m. 

We denote Ki = Ci +... + Cm- Let 1 < / < m. Let us prove that any 
element X of /C/ can be written uniquely in the form Yl^k=i 
where 7 ^ G Aij for all / < j < m and 1 < k < Cj. The result is obvious 
for / = m by construction. Let us show that if the result holds for 
2 < / J- 1 < m then so it does for 1. Consider X & Ki. It is of the 
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form where Xj G Cj for any I < j < m. If the decomposition 

^ exists then 11^1 is a formal vector held 

with 7 ^ G Ail ioT 1 < k < Cl such that X — J2k=i ^ ^i+i- We use 
the previous condition to dehne X]fc=i Ik^i- Indeed since the condition 
is equivalent to Xi - Ylk=i'yk^k ^ deduce that Yl‘k=i'lk^k 

is unique with the required properties. The result is a consequence of 
applying the induction hypothesis to X — Y^^k=ilk^k- ^ 

Definition 4.14. We say that B := {Zl,..., , Z ^,..., is 

a Ai-basis of £ = £i + ... + Cm if {Zl ,..., Z^.} is a Al'-basis of Cj 
for any 1 < j < m. Let X G £; the unique expression provided by 
Proposition 14.31 is called a Ai-decomposition of X with respect to C 
and B. 

Resuming we replace a solvable Lie subalgebra Ci of X(C"^, 0) Kn 
with a solvable Lie algebra C that has a much simpler structure since its 
elements admit the unique expression provided by a Al-decomposition. 
Let us remark that a vector held or a diheomorphism that normalizes 
Cl also normalizes £, making the extension Lie algebra suitable for the 
study of algebraic and geometrical problems. 


4.4. Increasing seqnences of subgroups of a solvable group. Let 

£? c C ... C £{ C ... be an increasing sequence of solvable Lie 
subalgebras of X(C"', 0) -^n- We can associate Lie algebras £]., £], 

and C^ = C{ + ... + Ci^. to C\ as described in the previous section. 
We place the superindex j to all the objects associated to C\. 


Remark 4.10. We will apply the results in this section to sequences 
J(0) C J(l) C ... of subgroups of a solvable group P contained in 
Dih„(C",0)- We dehne C{ = L{J{j)^). Since J{j) C J(j + 1) for 
i > 0, we obtain J(j) C J(j + 1) and 

Cj = nwt) C L(7(JTvf) = 


for j > 0. In particular we obtain an increasing sequence C\ (Z C\ (Z ... 
of solvable Lie algebras (cf. Lemma [4.ip . 


We will associate to C^ a list of invariants. We will see that the 
sequence of lists for j > 0 is increasing in the lexicographical order. The 
equality of the invariants associated to C^ and C^^^ implies C^ = C^^^. 
We will obtain C^ = C^^^ for some j > 0 by showing that the list takes 
hnitely many values. 
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Lemma 4.3. There exists 0 < j < n such that dim£{ = 

Moreover there exists 0 < k < {n + 1)^ such that dim£^ = dim£^''"^, 

and = dim(£ 5 ^’''^)(^\ 

Proof. Since dim£{ = dim£{ for j > 1, we obtain an increasing se¬ 
quence 

0 < dim C\ < dim C\ < ... < dim < dim < ... <n. 

Clearly there exists 0 < j < n such that dim/lj = dim£'j’'"^. 

Notice that C and dim(£{)‘^^) = dim(£{)‘^^) for all 

j > 0 and /c > 0. As a consequence (dim£-i[, dim(/l{)(b^ cliixi(^£-i)( 2 )^ jg 
increasing in every component and in particular for the lexicographical 
order. Since there are at most {n + 1 )^ 3-uples, they coincide for some 
t) <k < {nP 1)^. □ 

Definition 4.15. We dehne J(j, k) = (0, 0, 0, 0) if £;[ = 0 and 

/(j, k) = {dirn{Ci),dirn{CiY^\dirn{Ci)^‘^\dirn^j^^^^^ 

otherwise. We dehne the sequence /(j) = (/(j, 1),..., /(j, n)). 

Let us study the behavior of the sequence (/(j, l))j>o and its impact 
on the relation between and 

Lemma 4.4. Let j > 0 such that dim(£'j)*^^) = dim(£i’'"^)*^^) for any 
k G {0,1, 2}. Then 

• C C , Ci T dim£^ = dim£^''"^. 

• Ml = and M{ = 

• /(j, 1) < ^(j + 1,1)- 

Proof. We deduce jC{ (3)^(S^csince C and 

dim^i = dim£{''’\ In particular we obtain Al{ = Thus L\ is 

contained in . Moreover C for any k G {0,1,2}. 

We have dim £3 = dim(£})(^*) and £3 = ((-^ 1 )^^'^ ®c^ri) H £} for 
the hrst ki G {1, 2} such that dim(£})(^*^ < dim£} for / > 0 by Remark 
14.61 Let r := kj = kj+i, we obtain £^ C and 

dim£^ = dim£^ = dim(£})^^^ = dim(£}'''^)^''^ = dim.^^"*"^ = dim£^'''\ 

The properties C{ C £ 3 ''’^ and dim£^ = dim£^'''^ imply AI 3 = Al 3 ^^ 
Hence we get C 

The natural map vuj : C{/jCi —)■ £i'''^/£^'''^ is well-dehned and Ali- 
linear where Ali := Al^ = Since 

Ci (^kn = 4^' 0 i^n, Ci = (Ci 0 kn) C C{ 
c c c 
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and the map zuj is injective and we obtain 

dim_M^ C{/C{ < dim_A4^ C{^^/jC{~^^. □ 

Corollary 4.1. The sequence (/(j, l))j>o is increasing in the lexico¬ 
graphical order. Moreover 1) = J(j + 1,1) implies C\ T ^ 2 '*"^- 

We define C = (n-\- l)^(n^ + 1). We obtain 

Lemma 4.5. Suppose I {1, 1) = /(/ + 1,1). Then we have 

• C[ C and dim{C\)^^'> = dim(£5.''’^)(*^^ for any k G {0,1,2}. 

• dim/^o = dim £ 2 ^^, Ci C and Ci C 

• M[ = and M' = 

• Any M.'-basis of C\ is a -basis of . 

Moreover, there exists 0 < / < C such that I {1, 1) = /(/ + 1,1). 

Proof. All the items except the last one are consequence of Lemma S31 
Since tui : C{/C 2 is injective by the proof of Lemma WM 

dim_y^^i^ C^i/C 2 — -^1 = the map Wi is an 

isomorphism. Hence a Ad'-basis of C\ is a Ad'-basis of 

Suppose that the first three coordinates of /(g, 1) does not change for 
b < q < c. The sequence (dim^^^ C{/C 2 )b<j<c is increasing by Lemma 
14.41 where Adi = Ad} for b < j < c. Since 

0 < dimxj — dim_A4i Cf\l ^2 ^ 

for all 6 < j < /c < c by Equation dS]), the sequence (diniyuj li\lC? 2 )h<j<c 
takes at most + 1 values. Hence the sequence (/(j, l))j>o takes 
at most C values. In particular there exists 0 < / < C such that 
/(/,!) =/(/ + !, 1 ). □ 

By applying Lemma 14.51 at most n times we obtain 

Proposition 4.4. Let C\ C C\ C ... be an increasing sequence of 
solvable Lie subalgebras of X(C"',0)(^^Kn- The sequence (/(j))j>o is 
increasing in the lexicographical order. Moreover there exists 0 < q < 
C"' such that I{q) = I{q + 1). In particular we obtain 

• a = Cl +... +Cl, and £'?+! = £} + ... + Cff\ 

• dim(£})(^i = dim(£}’''^)(^i for all 1 < j < m and k E {0,1, 2}. 

• £} C C‘j'^^, £} C C'j'^^ and A4j = Ad}"*"^ for any I < j < m. 

• Any AA'-basis of Cj is a Ai'-basis of C'j'^^ for any 1 < j < m. 

• Any Ai-basis of is a Ai-basis of C^^^. 

• C^ = £''+h 
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Proof. Corollary 14 .1 1 implies that we can apply iteratively Lemma 1475) to 
obtain the increasing nature of (/(j))j>o and the existence of q satisfy¬ 
ing all properties but the last one. Let us prove We choose 

a A4-basis B of C^. It is also a Wl-basis of Since M'j = for 

any 1 < j < m, the set of Wl-decompositions with respect to and B 
coincides with the set of Wl-decompositions with respect to and 
B. Proposition 14.31 implies □ 

Remark 4.11. Notice that if I{j, k) = I{j + 1, k) then the hrst coordi¬ 
nates of I{j, k + 1) and I{i + l,k + 1 ) coincide by Lemma 14.51 As a 
consequence we can replace C'"' in Proposition 14.41 with n[rR‘{rR‘ -|- 1))” 
and the result still holds. 

4.5. Solvability of p-pseudo-solvable subgroups. This section is 
devoted to prove the following theorem: 

Theorem 4.1. Let G C Diff„(C",0) be a finitely generated group and 
p > C^. Suppose that G is p-pseudo-solvable for some finite generator 
set S. Then G is solvable. 

Let mo > 0 be the hrst index such that S{mo) = {Id}. We dehne 

‘5(j, k) = S{j) US{j -Fl) U ... U5(fc), 

G{j, k) = {S{j, k)) and P(/) = G{1, mo) for 0 < j < /c and 0 < / < mo. 
Our goal is proving that P(0) is solvable. It is obvious that P(mo) 
is solvable since it is the trivial group. We will show that whenever 
P(m -|- 1) is solvable for 0 < m < mo — 1 then P(m) is solvable. 

Let O be the extension Lie algebra associated to G{m + 1, j) (where 
C\ := L{G{m -|- l,j) )) for j > m + 1. Since (G(m -|- l,j))j>m+i is an 
increasing sequence of subgroups of the solvable group P(m -|- 1) (cf. 
Lemma f4.ip . there exists m + l<q<m + p such that by 

R emark [4. 101 and Proposition Hill Moreover we have = £{ + .. .+Cmy 
£q+i ^ £9+1 £9 £ 9+1 satisfy all conditions in 

Proposition 14.41 We denote C = and Mj = M}. 

The idea is extending ipG{m -|- 1, q)ip~^ C G{m -|- 1, g -|- 1) for £ G 
S{q — p, q) to the extension Lie algebras and This is natural 

since we enlarge the set of coefhcients by adding hrst integrals of Lie 
subalgebras canonically associated to the initial Lie algebra. 

Lemma 4.6. We have Mj o q? = Mj, C and C 
for all 1 < j < m and p E S{q — p,q). In particular p^C = C for any 
p G S{q-p,q). 
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Proof. We have ipG{m+l, q)ip ^ C G(m+1, q+l) for any ip G S{q—p, q) 
by the definition of the sets S{1) for I > 0. We obtain 

(pG{m + 1, q) (p~^ C G{m + 1, g + 1) 

and ip^L{G{m + 1, g) ) C L{G{m + 1, g + 1) ) for any ^ S{q — p, q). 
Equivalently we have C for any P' ^ S{q — p,q). 

Since dini£^ = dirnG^"'"^, we deduce (S^c~ 

In particular we obtain M.i o ip = M.i ioi any tp G S{q — p,q). The 
properties ip^jC\ C and ip^Aii = M.i imply ip^C\ C for any 
ip G S{q-p,q). 

Fix ip G S{q — p,q). Let us prove next that ip*jCfj C im¬ 
plies ip^Mj+i = Mj+i, ip*^]+i c and ip*C]+i C for any 

1 < j < m. Since C we obtain C for 

k > 0. Since dim(£p(^) = dim(£^’'’^)(^) for k G {0,1,2}, the equality 
0c ^ 0J. kn holds for k G {0,1, 2}. There exists 

k' G {1,2} such that 

tp, = £' n ((£')<‘'' 0 A.) and = A1((£')“'>) 

C 

for any/ G {g,g-hl}. Since 0c 

deduce M.j+i o p = M.j^i and C These properties lead 

to ip*C]+i C for any G 5(g - p, g). 

Given p G 5(g — p, g), we have 

+ ,,, + £*„) c £;+' + ... + £«■' = £■ 

We remind that ip~^ G S{q—p, g) if p G S{q—p, q). Hence the properties 
C £ and (p“^)*£ C £ imply p*£ = £ for any (p G iS(g — p, g). □ 

Consider the Lie algebra 0 of the pro-algebraic group G^. We dehne 

_^ 

f) = gn£. We denote by 1) the closure of f) in the Krull topology (it can 

_^ 

be proved that f) is equal to 1 ) but this result will not be necessary in 

_^ 

the following). Remark 14.51 implies that f) is a complex Lie subalgebra 
of 0 . 

_ ^ ^ 

Proposition 4.5. The set exp(l) ) := {exp(W) : X G f) } is a solvable 

_ 2 _ k 

pro-algebraic subgroup of G with Lie algebra t) . 

Proof. The Lie correspondence is explicit in the unipotent case: the 

Lie algebras of unipotent pro-algebraic groups are the Lie algebras of 

formal nilpotent vector helds that are closed in the Krull topology na. 

_ ^ ^ 

Since 0 and then f) consist of nilpotent elements, we obtain that f) 
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is the Lie algebra of a unipotent pro-algebraic group. Such a group is 

_ ^ 

equal to exp(f) ) by Lemma mH 

Let us show that 1) is solvable. Since (1 C for any Lie 

subalgebra of X(C”,0), we obtain C for any j > 0. In 

_ ^ 

particular we get £(f) ) < £(!)) < £(£) < 2m by Proposition 14.21 Since 
_^ ^ 

f) is solvable, the group exp(f) ) is solvable by Lemma I^TTl □ 

_^ 

Lemma 4.7. exp(f) ) nr(g —p) is a normal subgroup o/r(g —p) that 
contains T{m + 1). 

Proof. Let p G S{q — p,q). We have <p*£ = £ by Lemma l4fol Moreover 

(f E G implies (pG = G and then = g. We deduce (p^\) = \) 

_^ 

and then (p*l) = 1 ) ■ 

_^ 

The inhnitesimal generator log rj belongs to C and then to 1) for any 

_^ 

7 ] E S{q). In particular rj belongs to exp(f) ). 

Fix j > q. We claim that that rj E exp(l) ) and <p*[) =1) for all 
rj E S{j) and ip E S{j — p, j)- The proof is by induction on j. We 
already proved the result for j = q. Let us show that if it holds for 
j then so it does for j + 1. Fix 0 G S{j) and <p G S{j — p,j). Since 
log0 G 1)^ and we deduce ip o (f o ip~^ e exp(f)^). The 

commutators 

[<P, 0] = ((p o 0 O (p“^) O 0“^ and [0, (p] = 0 o ((p O 0“^ O <p“^) 

_^ ^ 

are compositions of elements of exp(l) ) and then belong to exp(f) ) by 
Proposition 14.51 By varying ip G S{j —p,j) ^md 0 G S{j) we obtain 

that iS(j -|- 1) C exp([) ) fl P(g — p). Moreover p*l) is equal to 1) for 

_^ 

any p G S{j + 1) since p G exp(f) ). 

We proved <p*l) =1) for any ip E Uj>g_piS(j). Thus (p normalizes f) 

for any ip E {Uj>q-pS{j)). Since P(g — p) = {Uj>q-pS{j)), we deduce 

_^ ^ 

that ip normalizes exp(f) ) for any ip E V{q—p). Hence exp({) )nP(g—p) 

is a normal subgroup of P(g — p). 

_ ^ 

By construction iS(m -|- 1, g) is contained in exp([) ) fl P(g — p). We 

_ ^ ^ 

proved Uj>qiS(j) C exp(f) )nP(g—p). Since exp(l) )nP(g—p) is a group, 

_ ^ 

the group P(m-|-1) = (Uj>m‘F(j)) is contained in exp(fi )nP(g—p). □ 

The next proposition completes the proof of the inductive step and 
as a consequence the proof of Theorem 14.11 

Proposition 4.6. P(m) is solvable. 
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_ 

Proof. Since q — p < m, the group r(m) n exp(f) ) is normal in r(m) 

_ ^ 

by Lemma l47l We define the group H = r(m)/(r(m) nexp(f) )). The 

property r(m + 1) C exp([) ) iLemma l4.7p implies that H is generated 

by the classes of elements of S{m). Since the commutator of elements of 

S{m) belongs to iS(m+l), the group H is abelian. The group is 

_ ^ 

contained in exp(l) ) and hence r(m) is solvable by Proposition 14.51 □ 

4.6. Consequences. We show that, given a pseudogroup induced by 
a non-solvable group of unipotent local diffeomorphisms, all points are 
recurrent outside of a measure zero set. This result was proved in 
dimension 2 by Rebelo and Reis |12] . 

Proposition 4.7. Let G C Diffu(C"',0) he a non-solvable group. Then 
there exist r > 0 and a sequence {fj)j>i in the pseudogroup V generated 
by {/|B^ ■ f ^ G} such that fj is defined in ^ 

j > 1 and hmj_,.oo \ \fj — Id\\r/2 = 0. In particular all the points in 
except at most a countable union of proper analytic sets are recurrent 
for the action ofV. 

Proof. A unipotent subgroup H of Diff(C’^, 0) is solvable if and only if 
i{H) <2n—l [13] [Theorem 4]. We have where the 

union is considered over the finitely generated subgroups of G. Hence 
up to replace G with one of its subgroups we can suppose that G is 
finitely generated. Fix p G N such that Theorem 14.11 holds. Hence G 
is non-p-pseudo-solvable by Theorem 14.11 The remainder of the proof 
is an immediate consequence of Proposition 13.31 □ 

5. Linear groups 

Let us deal with the cases in Theorem [Tjbesides the first one, that was 
already settled in Proposition 14.71 The other cases are of linear type, 
indeed we will construct free subgroups of j^G with free generators 
arbitrarily close to Id by using the Tits alternative [19]. In this way 
we obtain free subgroups of G; they are clearly non-p-pseudo-solvable 
for any p G N (cf. Lemma 15.3p and hence we can apply Proposition 13.21 
to obtain recurrent points. 

The linear part j^G of a subgroup G of Diff (C"’, 0) satisfies the Tits 
alternative, i.e. either j^G is virtually solvable or it contains a non- 
abelian free group. A more precise result by Breuillard and Gelander is 
the topological Tits alternative: a subgroup of GL(n, C) either contains 
an open solvable subgroup or a non-abelian dense free subgroup [3]. 
We will use this kind of ideas in sections [5Tl 15.21 and 15.31 to obtain free 
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subgroups of linear groups. At that point we will apply these results 
to the study of groups of local diffeomorphisms to show Theorem [T] 

Definition 5.1. Let iL be a subgroup of GL(n, C). We denote by H 
the topological closure of H. It is well-known that iL is a real Lie 
group (cf. [7][p. 52, Corollary 2.33]). We denote by Hq its connected 
component of the identity. 

5.1. Groups without hyperbolic elements. In this section we focus 
on Case (2) of Theorem [TJ 

Definition 5.2. We say that an element A of CL(?7,, C) is hyperbolic 
if spec(A) ^ SL We say that 0 G Diff(C"',0) is hyperbolic if Do0 is 
hyperbolic. 

The main result of this section is next theorem 

Theorem 5.1. Let H he a subgroup o/CL(n, C). Suppose that H is 
non-virtually solvable and does not contain hyperbolic elements. Then 
given any neighborhood V of Id in CL(n, C) there exists A, B E H nV 
such that A and B are free generators of the free group {A,B). In 
particular the group Hq is non-virtually solvable. 

Let H he a. group satisfying the hypotheses of Theorem 15.11 It is 
easier to prove Theorem 15.11 if H is irreducible since then we can use 
Burnside’s theorem. Anyway we associate to H a sequence of irre¬ 
ducible representations that are useful to show Theorem 15.11 
Consider a sequence 

(7) {0} = Vo C l/i C ... C W = C" 

where Vj is iL-invariant for any 0 < j < r. An example is provided by 
r = l, Vo = {0} and W = C". The group H acts on the vector space 
Vj+i/Vj for 0 < j < r. If the action is not irreducible then there exists a 
//-invariant vector space V)+i /2 such that Vj C Vj-^ 1/2 C Vj+i, hence we 
can refine the sequence ([7]) by introducing the subspace l^+i/ 2 - Since 
we can not rehne indefinitely, there exists a sequence ([7]) of //-invariant 
subspaces such that the action of H on Vj+i/Vj is irreducible for any 
h < i < r. We denote dj = dimV)- and Cj = dim(V^/Vj_i). We 
dehne Hj as the group induced by H on Vj/Vj_i for any 1 < j < r. 
The group Hj is irreducible by construction and it does not contain 
hyperbolic elements by hypothesis. Moreover we have 

Lemma 5.1. The group Hj is relatively compact in CL(1^/Vj_i) for 
any 1 < j <r. 
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Proof. Since Hj is an irredncible snbgronp of GL(i^/i^_i), Burnside’s 
theorem implies that there exist C-linearly independent elements 
5 fi,... , 5 fg 2 of Hj (cf. [20] [p. 11, Corollary 1.17]). 

Consider now the symmetric bilinear form a : M^.. (C) x M^. (C) —)■ C 
dehned by a{f,h) = trace(/h) where is the vector space of 

Cj X Cj complex matrices. The bilinear form a is non-degenerate; indeed 
given / e Mcj{C) \ {0} there exists v G C'’.’' such that f{v) ^ 0. 
Consider a base {tci,..., Wc^} of C'’.’' such that Wi = f{v) and a linear 
map h : —?■ C'’.’' with h{wi) = v and h{wk) = 0 for any 2 < k < Cj. 

The map fh satishes fh{wi) = Wi and fh{wk) = 0 for any 2 < k < Cj. 
Hence the trace of fh is equal to 1. The non-degenerate nature of a 
implies the existence of a dual basis {ei,..., of Mc^(C) such that 
^i) = ^ki for any 1 < k,l < c^. Thus we obtain 

c2 c2 

J 3 

9 = '^Oi{g,gk)ek = '^tT&ce{ggk)ek 

k=l k=l 

for any g G Mc.(C). We deduce 

r s’ 

tk^k ■ tk G t(-/7j) 

[ k=l 

where t^Hj) is the set of traces of elements of Hj. The lack of hyper¬ 
bolic elements implies T{Hj) C BJ.. In particular Hj is bounded and 
then relatively compact in CL(l^/l^_i) for any 1 < j < r. □ 

Lemma 5.2. The group Hj consists of semisimple (i.e. diagonalizable) 
non-hyperbolic transformations for any 1 < j < r. 

Proof. Fix 1 < j < r. Since the spectrum of a matrix varies continu¬ 
ously, we obtain spec(H) C for any A G Hj. Fix H G Hj. Consider 
the multiplicative Jordan decomposition A = A^A^ as the product 
of a semisimple matrix A^ and a unipotent matrix A^ that commute. 
Since spec(H) = spec(Hs) and Ag is diagonalizable, the group is 
relatively compact. Hence (H„) is relatively compact. Let us show 
Au = Id hj contradiction. Otherwise the Jordan normal form theo¬ 
rem implies the existence of linearly independent vectors v, w such that 
AuV = V + w and A^w = w. Since = v + jw for j G Z the group 
(Au) is non-relatively compact and we obtain a contradiction. □ 

Consider a free subgroup (a, b) on two generators of CL(n, C) with 
a, & close to Id. The next result has two functions: namely showing 
that (a, b) is non-O-pseudo-solvable (and then non-p-pseudo-solvable for 
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any p G N U {0}) and finding non-abelian free snbgronps of (a, h) with 
free generators even closer to Id. 

Lemma 5.3. Let H be a free group on {a, 6} and S = {a, b, a~^, b~^}. 
Then iSo(2/c) contains 2 elements that are free generators of a free group 
for any k >0. Moreover the set Uj>oSo{j) is infinite. 

Proof. Fix k > 0. We want to prove that in iSo(2/c) there is a word 
af^k that in rednced form has length 4^^ and / as first and also as last 
letter for any f E S. The result is obvious for k = 0. Let us show that 
if it holds for k then so it does for k + 1. We have that 

a .. .b and \(y.a~^ ,k) ® .. .b 

are words of length 4^^+^ in iSo(2(fc + 1)). We can define 

®a,fc+l a . . . ba ... & b ... (3 b... a. 

The word aa,k+i belongs to So{2{k + 1)) and has length The 

words a^-i fc+i, ab^k+i and (yb-i,k+i are defined analogously. 

It is clear that aa^k and a^^k are free generators of a free group on two 
elements for any k > 0. Moreover Uj>oiSo(j) is infinite since it contains 
reduced words of arbitrarily high length. □ 

The next result is a simple exercise; it is a consequence of the com¬ 
pactness of (S^)h 

Lemma 5.4. Consider Xi,..., Xi G Sh Then there exists an increasing 
seguence {nk)k>i of natural numbers such that hmfc_^oo= 1 for any 
1 < J < h 

end of the proof of Theorem 15. il Let us remind the reader that a sub¬ 
group of GL(?7,, C) is either virtually solvable or it contains a non- 
abelian free group by the Tits alternative [19]. Therefore there exist 
A,BeH that are free generators of a free group on two elements. Lem¬ 
mas [5^ and [5]4] imply the existence of a increasing sequence {nk)k>i of 
natural numbers such that ATX ,,, and BfX tend to the identity 
map when fc —)■ oo for any 1 < j < r. 

Given a matrix D we denote by Du the minor that corresponds 
to the rows with index I and the columns with index J. We define 
the diagonal minors Dj = for any l<j<r. 

Gonsider a base B = {ui,..., of C” such that {ui,..., is a base 
of Vi for any 1 < I < r. We identify A and B with its matrices in 
the basis B. They are block upper triangular matrices. The condition 
limfc^oo = Id implies \im.k^oo{.A^^)j = Td. We dehne the 

matrix G® for s G M’*' such that Cj j = if di < j < and = 0 
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if j ^ k. We obtain = Af and = Bf 

for all s > 0, 1 < j < r and k > 1 whereas all the coefficients of the 

matrix outside of the diagonal minors tend to 0 when 

s —?■ 0. Hence by considering k & N big enough and then s > 0 small 

enough we obtain matrices A = and B = 

arbitrarily close to the identity. Moreover A and B are free generators 
of the group {A,B). Let W be the neighborhood of Id provided by 
Remark [22] for GL(n,C). We can suppose A,B,A~^B~^ G W. 

We dehne S = {A, B, A~"^B~A- The elements in iSo(A;) are contained 
in {D G GL(?7,,C) ; ||Zi) — /(i|| < (cf. Remark |22|) . Lemma l573l 

implies the existence of free groups on two elements of ar¬ 

bitrarily close to Id . Therefore there exist free groups on two elements 
of H arbitrarily close to Id. □ 

5.2. Groups with non-solvable connected component of Id. In 

our quest for free groups we consider now subgroups H of GL(77,, C) 
such that Hq is non-solvable. 

Definition 5.3. We say that a connected Lie group T is topologically 
perfect if T = [T, Tj. 

Next we provide the statements of two theorems by Breuillard and 
Gelander that we use to hnd free groups in a neighborhood of Id. In 
particular Theorem 15.3! is particularly interesting since it localizes the 
free generators of the free group 

Theorem 5.2. [2] Let T be a topologically perfect real Lie group. There 
exists a neighborhood G of Id, where exp“^ is a diffeomorphism from 
fl to a neighborhood of 0 in L(T), such that given /i,..., /^ G G, the 
group {fl,..., fm) is dense in T if log fi,..., log fm generates L{T). 
The neighborhood G can be considered arbitrarily small. 

Theorem 5.3. [5] Let k be a characteristic 0 local field. Let T = 
{fii ■ ■ ■ 1 fm) be a subgroup of GL{n, k) that contains no open solvable 
subgroup. Then given any neighborhood Vt of Id in T, there exist gj G 
flfjfl for any 1 < j < m such that gi,... ,gm are free generators of a 
free dense subgroup ofT. 

The algebraic properties of a linear group and its topological clo¬ 
sure coincide. Next lemma provides a particular case of the previous 
principle. 

Lemma 5.5. Given a subgroup T of GL{n,C) we have T*'^ c T^^'^ C 
RL) for any j > 0. In particular we deduce that i{T) is egual to £{T) 
and that T is solvable if and only ifT is solvable. 
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Proof. We have C By recurrence we obtain C C Tb) 
for any j > 0. In particular we obtain i{T) = i{T). □ 

Next we introduce and prove the main result of this section. 

Theorem 5.4. Let H be a subgroup of GL{n,C) such that Hq is non- 
solvable. Then given any neighborhood U of Id in H, there exists free 
generators f,gEHr\U of a free group on two elements. 

Proof We denote Hq = Hq and = [hfj, H°] for j > 0. The 

construction of H° implies {Hq P H)^L C H° for any j > 0. Let us 

show that H° is contained in {Hq fl H)H for j > 0. It is obvious for 
j = 0. Suppose it holds for j > 0. We have 

c [(^0 n H)L), {Hq n H)iP] c {Hq n if)b+b = {Hq n iL)b+b 

by Lemma 13751 We obtain H° C {Hq fl for any j > 0 by induction 
on j. Thus H° = {Hq fl holds for any j > 0. 

Since Hq H H is dense in Hq, the group Hq H H is non-solvable by 
Lemma 13731 A simple consequence is that H° is never the trivial group 
for any j > 0. 

The group Hq is connected. Moreover if H° is connected then 
[H°, H°] and are connected too for j > 0. We deduce that 

H° is connected for any j > 0. We obtain a decreasing sequence 
Hq D HI D D ... of connected Lie groups. Given j > 0 either we 
have H° = TIJ+i or d\mH° < dimiL°_,_^. Hence there exists jo > 0 such 

that {Id} 7 ^ H°^ = +i- By replacing H with {Hq fl we can 

suppose that iL is a non-solvable group such that H is topologically 
perfect. 

Let n be a neighborhood of Id for H as provided by Theorem l5.21 We 
can suppose fl C U. It is clear that their exist /i,..., /^ G flHH such 
that H = J where J = {fi,..., fm)- Moreover this can be achieved for 
m = diniLf. 

Let us show that J does not contain any open solvable subgroup. 
Otherwise there exists a neighborhood V of Id in GL(n, C) such that 
(JnV) is solvable. The group (J fl V) is solvable by Lemma 13731 Since 
such a group contains (J fl fo), we deduce that {H 0 V) is solvable. A 
connected Lie group is generated by any of its neighborhoods of the 
identity, hence H is solvable and we obtain a contradiction. 

Theorem 15.31 implies that the there exist gi,... ,gm G J arbitrarily 
close to fl,..., fm respectively such that gi,... ,gm are free generators 
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of a free dense subgroup of J. We can suppose gi,..., gm ^ U. It is 
clear that m> 2 since {gi,, g^) is non-solvable by Lemma [5.51 □ 

5.3. Irreducible and non-discrete groups. We consider conditions 
on a linear group H forcing iLo to be non-solvable. Indeed we require 
H and all its finite index subgroups to be irreducible and the group 
induced by H in PGL(n, C) to be discrete (cf. Theorem 15.6p . The next 
result corresponds to one of the cases in Theorem [T] and it is also an 
intermediate result to show Theorem 15.61 

Theorem 5.5. Let H be a subgroup o/GL(n, C) that is not virtually 
reducible. Suppose further that Hq is not contained in C*Id. Then 
given any neighborhood U of Id in H, there exist f,g G H O U such 
that f, g are free generators of the free group (/, g). 

Proof. It suffices to show that the hypotheses imply that Hq is non- 
solvable and then to apply Theorem 15.41 
Suppose Hq is solvable. We dehne 

S' = {n G C” : 3Aa,,; G C such that Av = Xa,vV Vd G Hq} 

of vectors that are eigenvectors for all transformations in Hq. The set 
S' is a finite union Vi,... ,Vm such that Vi 14n is a direct sum. 

Moreover A\Vj is a multiple of the identity map for all A G Hq and 
1 < j < m. Let us remark that S ^ {0} since all elements of Hq have 
a common eigenvector by Lie-Kolchin theorem (cf. [IZ][p. 38, Theorem 
5.1*]). The group Hq is normal in H, hence the elements of H permute 
the subspaces W,..., Vm- There exists a finite index normal subgroup 
J oi H such that A{Vj) = Vj for any 1 < j < m. Notice that the 
situation m = 1 and Vi = C” is impossible since then Hq C C*Id. We 
deduce that J is reducible and then H is virtually reducible, obtaining 
a contradiction. □ 

Theorem 5.6. Let H be a subgroup of GL{n,C) that is not virtually 
reducible. Suppose that the group induced by H in PGL(?7,,C) is non¬ 
discrete. Then given any neighborhood U of Id in GL(?7,,C), there 
exist A, B E H nU such that A, B are free generators of the free group 
{A,B). In particular Hq is non-virtually solvable. 

Proof. Gonsider the natural map A : GL(n, C) PGL(?7,,C). We 
denote J = A~^{A{H)). The group J is not virtually reducible. Even 
if a priori H can be strictly contained in J, its derived groups 
coincide. 

Since A{H) is non-discrete, the group J has elements arbitrarily 
close to Id that do not belong to C*Id. We deduce that Jq is not 
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contained in C*Id. There are elements C,D E J (1 U that are free 
generators of a free group on two elements by Theorem 15.51 We can 
even suppose C, D, C~^, D~^ G W where W is the neighbourhood of Id 
in GL(?7,, C) provided by RemarkWe dehne S = {C, D, C~^, D~^}. 
The set So{k) is contained in {E G GL(?7,,C) : \\E — Id\\ < 6/2^*"“^} 
(cf. Remark I2.2p for any k > 0. By considering k > 0 big enough we 
obtain free groups on two elements whose free generators are contained 
in U niSo(2/c) n J iLemma 15.3p . Since So{2k) C C H we 

are done. □ 

We have already all the ingredients to prove the main theorem. 

Proof of Theorem [H The result is a consequence of Proposition 14.71 in 
Gase (1). Hence we can always suppose that := G H Diffi(C"', 0) is 
solvable. 

Let us show that in the remaining cases, given e > 0 there exist 
A,B E j^G such that ||H — /d||i < e, \\B — Id\\i < e and A, B are free 
generators of a free group on two elements. 

Let us consider Gase (2). It suffices to show that j^G is non-virtually 
solvable by Theorem 15. II Suppose j^G is virtually solvable. The natu¬ 
ral morphism G/G^ -E j^G is an isomorphism of groups. Hence G/G^ 
is virtually solvable and there exists a finite index normal solvable sub¬ 
group H/G^ of G/G^. Since {G/G^)/{H/G^) is isomorphic to G/H, we 
deduce that iP is a finite index normal subgroup of G. The solvability 
of H/G^ and G^ implies that H is solvable. Therefore G is virtually 
solvable and we obtain a contradiction. 

The result for Gases (3), (4) and (5) is a consequence of of applying 
Theorems 15.4115.51 and 15.61 respectively to j^G. 

Gonsider <5 > 0 with d < 1/8. There exist (f^rj E G such that 
— Id\\i < 6/8, WDorj"^^ — Id\\i < 6/8 and Eqc/, DqT] are free 
generators of a free group on two elements by the previous discussion. 
In particular 0 and rj are free generators of a free group on two elements. 
We denote S = {0, 0“^, r;, 

The group (0, rj) is not 0-pseudo-solvable for S by Lemma 15.31 The 
proof is completed by applying Proposition 13.21 □ 

Remark 5.1. Gonditions (2), (4) and (5) of Theorem [1] imply condition 

(3) . This is a consequence of Theorems 15.1115.51 and for Gases (2), 

(4) and (5) respectively. 

5.4. Groups with hyperbolic elements. We show Theorem [2] in 
this section. It is natural to try to restrict our study to subgroups G 
of Diff (C"", 0) such that j^G is as simple as possible. For instance it 
is useful to consider linear groups j^G that share Zariski-closure with 
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all its finite index normal subgroups. We will obtain such reduction by 
using the following proposition. 

Proposition 5.1. Let H be a non-virtually solvable subgroup ofGL{n, C). 
There exists a subgroup J of H such that 

• J is non-virtually solvable. 

• L = J for any non-virtually solvable subgroup L of J. 

• J is a Zariski-connected irreducible algebraic group. 

• J is the derived group of a subgroup K of H satisfying the first 
two properties (and then K = J ). 

The proposition is based in a simple idea: among the Zariski-closures 
of non-virtually solvable subgroups of a non-virtually solvable subgroup 
H of GL(n, C) there are always minimal subgroups. 

Proof. Let us show hrst that there exists a group K satisfying the 
hrst two properties by contradiction. Otherwise there exists an inhnite 
decreasing sequence H = Hq D Hi D H 2 D ... oi non-virtually solvable 
subgroups of H such that 

(8) ifo 2^1 ^■ 

Given j > 0 we have either dimLTj+i^ < Hj^ or Hjj^i has fewer con¬ 
nected components than Hj^. Since the number of connected compo¬ 
nents of an algebraic group is hnite, we deduce that the sequence ([8]) 
does not exist. We obtain a contradiction. 

We claim that K is connected. We dehne K' = {K )o O JL. The 
group K' is a hnite index normal subgroup of K and hence K' is not 
virtually solvable. Moreover we have K' = {K )o. Since K' = K 
by construction of K, we deduce K = (K )o. Notice that K is 
a (connected) smooth algebraic set since K is an algebraic group. 
Therefore K is an irreducible algebraic set. 

The Tits alternative implies that K contains a free group on two 
elements and then J := contains non-abelian free groups. In 

particular J is non-virtually solvable. We obtain J = K hy the 
second property. Given a non-virtually solvable subgroup L of J we 
have J = L , otherwise K does not satisfy the second condition. □ 

The groups K and J provided by Proposition 15.11 share Zariski- 
closure with all their hnite index subgroups. Such property is inter¬ 
esting, since for instance the set of J-invariant vector subspaces of C" 
depends only on J . 

Lemma 5.6. Let H be a subgroup o/GL(n, C) and V a vector subspace 
o/C"'. Then V is H-invariant if and only ifV is H -invariant. 
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Proof. The necessary condition is obvious. Let id be a TT-invariant 
subspace. The set L := {A E GL(? 7 ,,C) : AiV) = id} is an algebraic 
group containing H. Hence L contains H . □ 

Let G be a subgroup of Diff (€",0) such that j^G is non-virtually 
solvable. In order to show that G does not satisfy the discrete orbits 
property, we can suppose that there are elements in j^G whose spec¬ 
trum is not contained in by Theorem [T] These elements do have 
either stable or unstable manifolds. Indeed we will obtain recurrent 
point in stable or unstable manifolds of certain hyperbolic diffeomor- 
phisms. 

Let A G GL(n, C). The subspaces 

HI = 0 ker(H - Xld)^, Id^ = 0 ker(H - Aid)” 

AEspec(A)nIB} AGspec(A)\Bj 

are the stable and the center-unstable manifolds of A respectively. Con¬ 
sider (j) G Diff(C”, 0) such that DQ(j) = A. The stable manifold theorem 
(cf. [I5][p. 27]) implies that there exists a manifold Wf, containing the 
origin such that 4>{Wff) C Hd| and = ld|. Moreover tends 

uniformly to 0 in hL| when p —)■ cx) and the germ of at the origin 
is uniquely determined. Analogously we define the unstable manifold 
IT^, it is equal to Hd^-i. 

Definition 5.4. Let vr : C" \ {0} —)■ be the map associating to 

each vector its class in the projective space. Given a vector subspace 
Id of C” we denote [Id] = 7 r(ld \ { 0 }). 

Next we show a irreducibility type property for actions on stable 
manifolds. 

Proposition 5.2. Let H be a non-virtually solvable subgroup o/GL(n, C). 
Let K and J be the subgroups provided by Proposition I5.il Con¬ 
sider A E J. There is no a non-trivial .L-invariant vector subspace 
ofVX- In particular given any [n] G [ld|], there exists B E J such that 
[Bv] [Vi] U |K|“|. 

Proof. We denote Id^ = ld| and Id™ = HI". Let 0 7 ^ Id c Id® be 
a J-invariant vector space. Proposition 15.11 implies J = K . Since 
Id is J-invariant, it is also JL-invariant by Lemma 15.61 The property 
J = implies det(ii|y) = 1 for any B E J. Since Id C Id® this 
contradicts spec(A|y) C spec(A|ys) C {z G C : |z| < 1}. Thus any 
J-invariant vector subspace of Id® is trivial. 

Let 

Js = {BeJ : [Bv] E [Id®]} and J^u = {B E J : [Bv] E [Id™]}. 
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The sets Jg and Jcu are Zariski-closed in J. We claim J ^ U Jcu- It 
suffices to show J Jg and J Jcu since J is an irreducible algebraic 
set. The latter property is obvious since Id ^ Jcu- 

Let us show J Jg hy contradiction. Otherwise Bv belongs to 
for any B & J. Therefore the linear subspace V generated by 
{Bv : B ^ J} is contained in V^. Moreover by construction V is 
J-invariant, contradicting the hrst part of the proof. □ 

Proof of Theorem [E Suppose that G is not virtually solvable. We have 

0 ^ G n Diffi(C’", 0) ^ G ^ j^G 0. 

Suppose G n Diffi(C"',0) is non-solvable. Then G does not have the 
discrete orbits property since G fl Diffi(C”,0) has (lots of) recurrent 
points in any neighborhood of the origin by Theorem [1] (1). Suppose 
from now on that G H Diffi(C"', 0) is solvable. Since G is non-virtually 
solvable, the group H := j^G is non-virtually solvable. 

Consider the groups J and K provided by Proposition 15. II We dehne 
G = {0 e G : j^cj) G J}. Suppose that spec(y4) C for any A & J. 
Since G is non-virtually solvable, G does not hold the discrete orbits 
property by Theorem [ 1 ] ( 2 ). We can suppose that there exists A E J 
such that spec (A) fl B) 7 ^ 0. Consider an element 0 G G such that 
j^(j) = A. We obtain dimWf > 1. Let be a closed fundamental 
domain of (j) restricted to hP|\{0}. We can extend to a fundamental 
domain M® for (j) restricted to a neighborhood of D^. 

Let q G D^. The sequence tends to 0 when p —)■ 00. Up 

to consider a subsequence {pk)k>i we can suppose that {[ 4 J‘'^{q)])k>i 
converges to a direction £ in [U|] when k ^ 00. There exists B E J 
such that [B]{£) ^ [U|]U[U 4 “] by Proposition [321 Consider ip E G such 
that j^ip = B. We deduce that limk^oo[{i^ ° = [B]{£). Since 

[B]{i) ^ [U^“], all accumulation points of the sequence {\A~P]{\B]£))p>i 
belong to [U^]. We deduce that there exists a sequence {mk)k>i of 
natural numbers such that \im.k^oo{f'~'^'^ oip o G D^. Moreover 

{ip o (pP'^){q) does not belong to for k » 1 since [B]{£) ^ \yf]- 
Since is 0-invariant, the point (0“™''= oip o 0^'=)(g) does not belong 
to for any k » 1. In particular hmfc_,.oo(0“”*''o0o0P'')(g) contains 
inhnitely many points of the G-orbit of q in every of its neighborhoods. 
Next lemma applied to F = implies that there exists a recurrent 
point for the action of the pseudogroup V induced by G where we 
suppose that 0 is dehned in a neighborhood of and we can consider 
any domain of dehnition for the elements of G \ (0). □ 
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Given a set S we denote by p{S) the power set of S. Let V be 
a pseudogroup of homeomorphisms defined in a topological space M. 
Consider a closed subset F of M. We consider the map t : F ^ p{.F) 
where r(g) is defined as the set of points q' & F such that q' contains 
inhnitely many points of the P-orbit of q for any neighborhood of q'. 
The map extends naturally to a map r : piF) —)■ piF) by dehning 
t{S) = Ug 65 r(g) for any S e p{F). 

Lemma 5.7. Let V be a pseudogroup of homeomorphisms defined in 
a Hausdorff topological space M. Consider a compact subset F of M. 
Suppose that T{q) 7 ^ 0 for any q E F. Then there exists a V-recurrent 
point q' E F or in other words q' E T{q'). 

Proof. Let us enumerate some simple properties of r: 

• r(g) is a non-empty closed subset of F for any q E F. 

• r(r(g)) C r(g) for any q E F. 

Let S be the subset of p{F) consisting of non-empty closed subsets T of 
F such that r(T) C T. Consider the order (S', d) defined by the reverse 
inclusion. Given a chain C in S' the set Ct&cT is a closed subset such 
that T D Ct'^cT' for any T E C. It is non-empty since the elements 
of the chain are compact. We have T{r\T^cT) C OTGC^iT) C Dt^cT 
and then (iTecT is an upper bound of the chain C. Zorn’s lemma 
implies that there exists a maximal element Tq in S. Notice that r(g) 
for g G To is a non-empty closed subset of Tq that belongs to S by 
the second property above. Since Tq is minimal for the inclusion, we 
obtain r(g) = Tq for any q E Tq. In particular q belongs to r(g) for any 
q ETq. □ 

The proof of Theorem [2] splits in two parts, namely the cases that 
are consequence of Theorem [T] and the “hyperbolic” case. The proof 
in the later case has similarities with the proof in dimension 2 by Re- 
belo and Reis [12] ; for instance Lemma 15.71 is inspired in one of their 
constructions. 
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